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!! Source with equidistant optical modes 

 
 
!! Incredibly useful! 

!! Links the accuracy of an optical transition (10-18) to the one of a microwave signal 

Optical frequency comb 

every two experimental cycles, with the clock laser serving as a stable
reference with which to measure the related frequency shifts. For example,
the atomic density shift was measured to high precision with this method.
The SrII system is designed to reach a density shift uncertainty below
1 3 10218 by using large lattice trapping volumes. To accommodate
this, we used a Fabry–Perot buildup cavity to achieve a sufficiently deep
lattice. This trap design increases the number of atoms loaded into the
lattice at a decreased atomic density, allowing SrII to measure an already-
reduced density shift to very high precision. Details of the SrI and SrII
optical lattice trap geometries can be found in ref. 6 and in Methods.

Frequency shifts induced by the optical lattice potential must be under-
stood and controlled at an extremely high level of precision, especially
for optical lattices that trap weakly against gravity28. We used a variety
of methods to stabilize the lattice scalar, vector and tensor Stark shifts.
An 813-nm continuous-wave Ti:sapphire laser was used to create the
lattice light for SrII. The clean spectrum of the solid-state laser has the
advantage over a semiconductor tapered-amplifier-based lattice, where
spontaneous noise pedestals might cause additional frequency shifts9.
For SrI, we used a tapered-amplifier system, but we refined the output
spectrum with a narrow-band interference filter and an optical filter
cavity. To deal with potential residual shifts due to the tapered-amplifier
noise pedestals, we regularly calibrated the lattice Stark shift for SrI.
Both clocks stabilize their lattice laser frequencies to a Cs clock via a
self-referenced Yb fibre comb, and their trapping light intensities were
stabilized after being delivered to the atoms. The lattice vector shift was
cancelled by alternately interrogating the 19/2 and 29/2 stretched
nuclear spin states of the atom on successive experimental cycles, in addi-
tion to the use of linearly polarized lattice light8,28. This interrogation

sequence also allowed cancellation of the first-order Zeeman shift.
Rather than trying to separate the scalar and tensor shifts artificially,
we treat them as a single effect in our measurement of the a.c. Stark
shift28. (In reference to alternating (or direct) current, a.c. (or d.c.) is
used to denote oscillatory (or static) fields and their effects.) We further
minimized the tensor shift’s sensitivity to the magnetic bias field B
by setting the lattice polarization and the direction of B to be parallel.
When modulating the intensity of the lattice, we did not identify any
lattice shifts that are nonlinear in lattice intensity. Specifically, we elim-
inated systematic biases arising from differential atomic interaction shifts
and optical spectrum shifts from the a.c. Stark effect. A Fisher test per-
formed for various model shifts on an extensive set of data (shown in
Fig. 3a) demonstrated that the lattice shift is consistent only with a linear
model to within 1s uncertainty (see Methods).

For SrII we also took extra care to minimize fluctuations in the magnetic-
field-related lattice Stark effect and the second-order Zeeman shift28.
To stabilize the magnetic field for our clock over long operational periods,
we used the atoms themselves as a collocated magnetometer for the
clock. Every two minutes during the clock operation, the computer-
based frequency locking program was paused to interrogate unpolar-
ized atomic samples under zero applied magnetic field. A drift in the
background magnetic field resulted in a reduced excitation for the peak
of an unpolarized line, because all ten nuclear spin states will experi-
ence different Zeeman shifts. Every time the magnetic field servo was
activated, the program automatically dithered each pair of magnetic
field compensation coils (along three orthogonal spatial directions) and
optimized the current for each pair of coils. As shown in Fig. 3b, the
magnetometer-based feedback loop not only keeps the field direction
constant throughout the clock operation, but also automatically nulls
the background field without an operator’s intervention. For SrI, this pro-
cedure is unnecessary owing to its more stable magnetic field environment.

To push the systematic evaluation to the 10218 level, we also needed
to evaluate the d.c. electric-field-induced Stark effect, a frequency shift
mechanism caused by patch charges immobilized in the vacuum chamber’s
fused silica viewports29. A pair of disk-shaped electrodes was placed
near the two largest viewports in the system (separated along the ver-
tical direction) and shifts were recorded as the electrode polarity was
switched. Differences between the frequency shifts induced by oppo-
sitely charged electrodes indicate the presence of stray background
electric fields, as shown in Fig. 3c. On first measuring the d.c. Stark
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Figure 2 | Characterizing BBR effects on the 1S0–3P0 transition.
a, A three-dimensional model of the clock vacuum chamber. The sensor
mounted on an in-vacuum translator is depicted in its fully extended mode of
operation. The entire clock chamber resides inside a BBR shielding box with an
equilibrium temperature of 301 K. b, A photograph of the two glass tubes
surrounding the trapped 87Sr atoms (red arrow). The movable sensor
(green arrow) has been retracted for its normal operation. c, The error inherent
in assuming a perfect BBR spectrum inside the vacuum chamber, based on a
measurement of total BBR radiated power. Modelling all components of the

chamber as 301 K and varying the bottom window temperature (shown in
the top horizontal axis) shows that measuring the total radiative power is
sufficient for our quoted BBR systematic uncertainty. The bottom horizontal
axis displays the temperature difference between the atoms and the retracted
sensor. The inset is a typical measured temperature difference inside the
vacuum chamber referenced to the temperature of the retracted movable sensor
at the beginning of the measurement. Green diamond, retracted position;
red square, atomic position.

Table 2 | Uncertainties for the in-vacuum silicon diode thermometer
Corrections DT (mK) sT (mK)

Calibration (including self-heating) 0 16
Residual conduction 0 0.7

Temperature gradient 40 20
Lead resistance 7.7 1.5

Lattice light heating 215 7.5

Totals 32.7 26.7

All uncertainties are quoted as 1s standard errors. The absolute calibration of the silicon diode sensor
(including the self-heating effect) was performed by the vendor (Lake Shore Cryotronics) and the
calibration is traceable to the NIST blackbody radiation standard. We have evaluated corrections and
their uncertainties for the operation of the sensors in our vacuum chamber, including the residual
conduction by the mount, extra lead resistance and lattice light heating.
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Progress in atomic, optical and quantum science1,2 has led to rapid
improvements in atomic clocks. At the same time, atomic clock research
has helped to advance the frontiers of science, affecting both fun-
damental and applied research. The ability to control quantum states
of individual atoms and photons is central to quantum information
science and precision measurement, and optical clocks based on single
ions have achieved the lowest systematic uncertainty of any frequency
standard3–5. Although many-atom lattice clocks have shown advan-
tages in measurement precision over trapped-ion clocks6,7, their
accuracy has remained 16 times worse8–10. Here we demonstrate a
many-atom system that achieves an accuracy of 6.4 3 10218, which
is not only better than a single-ion-based clock, but also reduces the
required measurement time by two orders of magnitude. By sys-
tematically evaluating all known sources of uncertainty, including
in situ monitoring of the blackbody radiation environment, we
improve the accuracy of optical lattice clocks by a factor of 22. This
single clock has simultaneously achieved the best known performance
in the key characteristics necessary for consideration as a primary
standard—stability and accuracy. More stable and accurate atomic
clocks will benefit a wide range of fields, such as the realization and
distribution of SI units11, the search for time variation of funda-
mental constants12, clock-based geodesy13 and other precision tests
of the fundamental laws of nature. This work also connects to the
development of quantum sensors and many-body quantum state
engineering14 (such as spin squeezing) to advance measurement pre-
cision beyond the standard quantum limit.

Accuracy for the SI (International System of Units) second is cur-
rently defined by the caesium (Cs) primary standard. However, optical
atomic clocks have now achieved a lower systematic uncertainty3–5,8,12.
This systematic uncertainty will become accuracy once the SI second
has been redefined. Neutral atom clocks with many ultracold atoms
confined in magic-wavelength optical lattices15 have the potential for
much greater precision than ion clocks7–9,16. This potential has been
realized only very recently owing to the improved frequency stability of
optical local oscillators14,17,18, resulting in a record single-clock insta-
bility of 3.1 3 10216/

ffiffiffi
t
p

, where t is the averaging time in seconds6.
This result represents a gain by a factor of 10 in our clock stability, allow-
ing for a factor-of-100 reduction in the averaging time that is required
to reach a desired uncertainty6. Equivalent instability at one second has
also been recently achieved with ytterbium (Yb) optical lattice clocks7

and averaging for seven hours was demonstrated, down to about 23 10218

for a single clock. We used this measurement precision to evaluate the
important systematic effects that have limited optical lattice clocks,
and we achieve a total systematic uncertainty in fractional frequency
of 6.4 3 10218, which is a factor-of-22 improvement over the best
published total uncertainties for optical lattice clocks8–10.

Now that the clock systematic uncertainty has been fully evaluated,
it is a frequency standard at which the statistical uncertainty matches
the total systematic uncertainty within 3,000 s. Combining improved

clock designs with this measurement precision has allowed us to over-
come two main obstacles to achieve the reductions in uncertainty reported
here. First, we must understand and overcome the atomic-interaction-
induced frequency shifts inherent in many-particle clocks19–21. We have
now determined this effect with 6 3 10219 uncertainty. Second, we need
to measure the thermal radiation environment of the lattice-trapped
atoms accurately, because this causes the largest systematic clock shift,
known as the blackbody radiation (BBR) Stark shift. Incomplete knowl-
edge of the thermal radiation impinging upon the atoms has so far dom-
inated lattice clock uncertainty. We demonstrate that a combination
of accurate in situ temperature probes and a thermal enclosure sur-
rounding the clock vacuum chamber allows us to achieve an overall
BBR shift uncertainty of 4.1 3 10218. This progress was enabled by a
precise measurement (performed at the Physikalisch-Technische
Bundesanstalt) of the Sr polarizability22, which governs the magnitude
of the BBR shift. Furthermore, we compared two independent Sr clocks
and they agree within their combined total uncertainty of 5.4 3 10217

over a period of one month.
To demonstrate the improved performance of lattice clocks, we built

two Sr clocks in JILA6,23 (see the Methods Summary for details). Herein
we refer to the first-generation JILA Sr clock as SrI and the newly con-
structed Sr clock as SrII. The recent improvement of low-thermal-
noise optical oscillators allowed us to demonstrate the stability of both
Sr clocks, reaching within a factor of 2 of the quantum projection noise
limit for 2,000 atoms6. We constructed the SrII clock with the goal of
reducing the atomic-interaction-related and BBR-related frequency
uncertainties. Thus, SrII has an optical trap volume about 100 times
larger than that of SrI to reduce the atomic density, along with in situ
BBR probes in vacuum to measure the thermal environment of the
atoms, achieving a total systematic uncertainty of 6.4 3 10218. The
improvement of SrI, on the other hand, has been a modest factor of
2 over our previous result8, now achieving a total systematic uncer-
tainty of 5.3 3 10217.

A major practical concern is the speed with which these clocks reach
agreement at their stated uncertainties. Hence, the low instability of these
Sr clocks (3 3 10218 at about 10,000 s), displayed as the Allan deviation
of their frequency comparison in Fig. 1a, is critical for evaluating sys-
tematic effects in a robust manner. Figure 1b documents a comparison
of the SrI and SrII clocks over a period of one month, showing that their
measured disagreement of nSrII 2 nSrI 5 22.8 3 10217, with 2 3 10218

statistical uncertainty, is within their combined systematic uncertainty
of 5.4 3 10217. The Allan deviation and the binned intercomparison
data showcase the stability and reproducibility of these clocks on both
short and long timescales. This performance level is necessary for a
rigorous evaluation of clock systematics at the 10218 level.

SrI and SrII independently correct for systematic offsets to their mea-
sured atomic frequencies. Table 1 lists the major sources of frequency
shifts D and their related uncertainties s that affect both clocks. The SrI
clock uncertainty is dominated by its BBR shift uncertainty of 4.53 10217.

*These authors contributed equally to this work.
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QCL 
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What is a comb? 
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Need to lock the modes! 
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§  Christiaan Huygens noticed that two pendulum 
clocks would synchronized themselves if hanged at 
the same mantelpiece 

§  Due to a small mechanical coupling between the 
pendulum 

9/9/14 Jerome Faist 8 

First mode locking 

Christiaan Huygens 
(1629-1695) 
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!! Here for 32 metronomes are synchronised 
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Can be generalized to many pendulum! 
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!! Injection locked lasers 

!! How do you get to lock different frequencies? 

9/9/14 Jerome Faist 10 

Works also for laser 

R. Adler, “A study of locking phenomena in oscillators,” Proc. IEEE 61(10), 1380–1385 (1973) 

Adler’s formula 
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Use non-linearities that couple different 
frequencies 
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Non-linear polarization 
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§  Optical gain in an harmonic potential is not possible 
§  Active material must be also non-linear! 

§  Two-level systems have (at least) third order non-
linearities 

§  The latter will generate sidebands 

§  Energy conservation for single frequency fields 
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Two – level systems are non-linear! 

a 
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Another non-linearity: saturable absorption 



| | IQCLSW 2014 
Departement of Physics /Institute for Quantum Electronics /Quantum Optoelectronics Group 

!! Using a saturable absorber to mode-lock 
!! Round trip gain for pulse is larger than for c.w. operation 

!! Result: train of pulses 

Mode-locking 

TF 

Gain (slow) Saturable absorber (fast) 
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Locking of N modes 
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§  Time domain approach (fast saturable absorber)  
§  Equation: 

§  Solution 
 
§  Pulse duration:    ~ inverse gain bandwidth 

§  For broadband QCL, would be  50-100fs 
§  Equation similar for Kerr combs 
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Time domain picture  

H. Haus, “Mode-locking of lasers,” IEEE J Sel Top Quant, vol. 6, no. 6, pp. 1173–1185, 2000. 

HAUS: MODE-LOCKING OF LASERS 1177

Fig. 4. Schematic of laser passively mode-locked with fast saturable absorber
and the time dependence of pulse, and net gain.

the saturable absorber in transmission through the absorber
through the saturable absorber is

(13)

where
unsaturated loss;
dependent intensity;
saturation intensity of the absorber.

If the saturation is relatively weak, expression (13) can be ex-
panded to give

(14)

The intensity multiplied by the effective area of the mode
gives the power in the mode. We normalize the mode amplitude
so that power. Then the transmission can be written

(15)

nbwhere is the self amplitude modulation (SAM) coefficient.
The master equation of passive mode-locking with a fast sat-
urable absorber is obtained by introducing the saturable loss into
(12) and omitting the active modulation term. The unsaturated
loss can be incorporated into the loss coefficient with the re-
sult

(16)

The solution is a simple hyperbolic secant

(17)

with

(18)

and
(19)

Fig. 5. Time dependent loss.

Equation (18) for the square of the inverse pulsewidth is related
to that of active mode-locking, (5). Indeed, in (5) the fourth
power of the inverse pulsewidth is proportional to the modu-
lation strength , the curvature of the modulation as a function
of time and the square of the filter bandwidth. In the case of
passive mode-locking, the product of modulation and curvature
is equal to . Thus (18) and (5) are indeed related. The
comparison also explains why passive mode-locking can result
in much shorter pulsewidths for the same filter bandwidth. As
the pulse gets shorter, the curvature of the modulation increases
as , whereas it remains unchanged for activemode-locking.
The pulse shape and the net temporal gain are shown in Fig. 5.
The net gain is negative preceding and following the pulse. At
the pulse peak, the gain is positive due to the bleaching of the
saturable absorber. Another interesting feature emerges—a hy-
perbolic secant has exponential tails. Such tails are mandatory
in passive mode-locking; the system behaves linearly in the tails
since the intensity is small. The second order differential equa-
tion dictates exponential solutions for any bounded pulse.
The solution (16) is not stable unless gain saturation is explic-

itly included. This gain saturation can be cumulative, so that one
may still make the assumption that the gain is approximately
constant during the passage of one pulse. The solution is also
stabilized if the full saturation behavior (13) is heeded, but then
no closed form solutions have been found.

IV. MODE-LOCKING WITH A SLOW SATURABLE ABSORBER

The theory of the fast saturable absorber [16] was worked out
by the author in preparation for the analysis of the dye laser. The
model for the slow saturable absorber has to take into account
the change of gain in the passage of one pulse [17], [53]. The
relaxation equation of the gain, in the limit of a pulse short com-
pared with its relaxation time, can be approximated by

(20)

Authorized licensed use limited to: ETH BIBLIOTHEK ZURICH. Downloaded on March 11, 2009 at 03:34 from IEEE Xplore.  Restrictions apply.

HAUS: MODE-LOCKING OF LASERS 1177

Fig. 4. Schematic of laser passively mode-locked with fast saturable absorber
and the time dependence of pulse, and net gain.

the saturable absorber in transmission through the absorber
through the saturable absorber is

(13)

where
unsaturated loss;
dependent intensity;
saturation intensity of the absorber.

If the saturation is relatively weak, expression (13) can be ex-
panded to give

(14)

The intensity multiplied by the effective area of the mode
gives the power in the mode. We normalize the mode amplitude
so that power. Then the transmission can be written

(15)

nbwhere is the self amplitude modulation (SAM) coefficient.
The master equation of passive mode-locking with a fast sat-
urable absorber is obtained by introducing the saturable loss into
(12) and omitting the active modulation term. The unsaturated
loss can be incorporated into the loss coefficient with the re-
sult

(16)

The solution is a simple hyperbolic secant

(17)

with

(18)

and
(19)

Fig. 5. Time dependent loss.

Equation (18) for the square of the inverse pulsewidth is related
to that of active mode-locking, (5). Indeed, in (5) the fourth
power of the inverse pulsewidth is proportional to the modu-
lation strength , the curvature of the modulation as a function
of time and the square of the filter bandwidth. In the case of
passive mode-locking, the product of modulation and curvature
is equal to . Thus (18) and (5) are indeed related. The
comparison also explains why passive mode-locking can result
in much shorter pulsewidths for the same filter bandwidth. As
the pulse gets shorter, the curvature of the modulation increases
as , whereas it remains unchanged for activemode-locking.
The pulse shape and the net temporal gain are shown in Fig. 5.
The net gain is negative preceding and following the pulse. At
the pulse peak, the gain is positive due to the bleaching of the
saturable absorber. Another interesting feature emerges—a hy-
perbolic secant has exponential tails. Such tails are mandatory
in passive mode-locking; the system behaves linearly in the tails
since the intensity is small. The second order differential equa-
tion dictates exponential solutions for any bounded pulse.
The solution (16) is not stable unless gain saturation is explic-

itly included. This gain saturation can be cumulative, so that one
may still make the assumption that the gain is approximately
constant during the passage of one pulse. The solution is also
stabilized if the full saturation behavior (13) is heeded, but then
no closed form solutions have been found.

IV. MODE-LOCKING WITH A SLOW SATURABLE ABSORBER

The theory of the fast saturable absorber [16] was worked out
by the author in preparation for the analysis of the dye laser. The
model for the slow saturable absorber has to take into account
the change of gain in the passage of one pulse [17], [53]. The
relaxation equation of the gain, in the limit of a pulse short com-
pared with its relaxation time, can be approximated by

(20)

Authorized licensed use limited to: ETH BIBLIOTHEK ZURICH. Downloaded on March 11, 2009 at 03:34 from IEEE Xplore.  Restrictions apply.



| | IQCLSW 2014 
Departement of Physics /Institute for Quantum Electronics /Quantum Optoelectronics Group 9/9/14 Jerome Faist 18 

Saturation also valid for the gain! 
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In QCL  the gain saturates fast 

!! Very short upper state lifetime -> cannot store energy 

!! Passive mode-locking very difficult.. 

Simulation of a pulse propagating in a QCL (rate equation) 
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QCLs can be modulated fast (active ML) 

!! No resonance, low pass filter transfer function 
 
!! However very short !stim at high powers 

278 CHAPTER 13. DYNAMICAL PROPERTIES
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Equ. 13.1.9, shows that the frequency response of quantum cascade lasers depends on the
interplay between the three characteristic times ⌧up = (⌧�1
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which is a simple second-order response function with a corner frequency defined by !0 = 1.
In interband semiconductor lasers, a similar expression can be derived but where the ⌧up is
the electron-hole recombination lifetime, much longer than the photon lifetime. As a result,
for low optical powers (⌧stim � ⌧p) the expression ⌧
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response has a resonant response around !0 = 1. Both cases are compared in Fig. 13.1.
The maximum frequency response of a quantum cascade laser can be directly estimated by
Eq. 13.1.9. For a typical optical cavity loss of ↵tot = 10cm�1, the photon cavity lifetime
is about 10ps. Assuming zero lower state lifetime, the stimulated lifetime can simply be
estimated by how much above the threshold current jth is the device operated:

⌧�1
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j

jth
� 1)⌧�1

up . (13.1.12)

In a typical device operated at room temperature, the upper state lifetime is about ⌧up =
0.6ps and the device can be driven at twice the threshold without reaching gain saturation
so that ⌧stim = 0.6ps.
The frequency response, computed just above threshold and at twice the threshold are
compared in Fig. 13.2. The 3dB modulation frequency bandpass extend up to about 11GHz,
with a significant modulation capability extending up to 100GHz. The frequency bandwidth
being proportional to the 1/

p
⌧stim⌧p, an even wider frequency response can be obtained at

the cost of larger optical losses and by operating even further above threshold. Indeed, very
high frequency modulation 3dB cuto↵ above 50GHz have been predicted for THz devices
with large optical losses operating high above threshold.
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Figure 13.1: Comparison between the small signal response of a quantum cascade laser (thick
solid curve) and a semiconductor laser (thin solid curve) as a function of the normalized angular
frequency !

0. In both cases, the stimulated lifetime is ten times the cavity lifetime. In the interband
device, the electron-hole recombination time is assumed to be a thousand times the photon lifetime
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Figure 13.2: Theoretical computed frequency response of a quantum cascade laser in the limit of
no lower state population. Photon lifetime is assumed to be ⌧p = 10ps. Lower curve, laser close to
threshold with ⌧stim = 6ps, thick upper curve the current is twice threshold and ⌧stim = ⌧up = 0.6ps.
The dashed line corresponds to a -3dB response.
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R. Paiella, (2000-2002) 
S. Barbieri, C. Sirtori (2007-) 
B. Hinkov, IQCSW poster 
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Active mode locking in QCLs:  

§  Designs with long upper state lifetime 

§  THz QCLs 
C. Y. Wang,et al., ” Opt Express, vol. 17, no. 15, pp. 12929–12943, 2009. 

S. Barbieri et al.,  Nature Photon, vol. 5, no. 5, pp. 306–313, 2011. 
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Limitations of active mode-locking: 

§  The minimum pulse width τ now depends also on the 
round-trip frequency Ωm 
§  Neglect the gain saturation -> will make things worst 

§  As a result, one gets 1-2ps pulses for typical values 
§  3mm device, modulation depth M=20%, Ωg = 200cm-1 FWHM gain 

A. Siegman  
H. Haus, “Mode-locking of lasers,” IEEE J Sel Top Quant, vol. 6, no. 6, pp. 1173–1185, 2000. 
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!! Time domain approach (fast saturable absorber)  
!! Equation: 

!! Solution 

!! Similar for Kerr combs 
!! Frequency domain approach (modal decomposition) 

!! Coupling of discrete modes 
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Another possible picture 

HAUS: MODE-LOCKING OF LASERS 1177

Fig. 4. Schematic of laser passively mode-locked with fast saturable absorber
and the time dependence of pulse, and net gain.

the saturable absorber in transmission through the absorber
through the saturable absorber is

(13)

where
unsaturated loss;
dependent intensity;
saturation intensity of the absorber.

If the saturation is relatively weak, expression (13) can be ex-
panded to give

(14)

The intensity multiplied by the effective area of the mode
gives the power in the mode. We normalize the mode amplitude
so that power. Then the transmission can be written

(15)

nbwhere is the self amplitude modulation (SAM) coefficient.
The master equation of passive mode-locking with a fast sat-
urable absorber is obtained by introducing the saturable loss into
(12) and omitting the active modulation term. The unsaturated
loss can be incorporated into the loss coefficient with the re-
sult

(16)

The solution is a simple hyperbolic secant

(17)

with

(18)

and
(19)

Fig. 5. Time dependent loss.

Equation (18) for the square of the inverse pulsewidth is related
to that of active mode-locking, (5). Indeed, in (5) the fourth
power of the inverse pulsewidth is proportional to the modu-
lation strength , the curvature of the modulation as a function
of time and the square of the filter bandwidth. In the case of
passive mode-locking, the product of modulation and curvature
is equal to . Thus (18) and (5) are indeed related. The
comparison also explains why passive mode-locking can result
in much shorter pulsewidths for the same filter bandwidth. As
the pulse gets shorter, the curvature of the modulation increases
as , whereas it remains unchanged for activemode-locking.
The pulse shape and the net temporal gain are shown in Fig. 5.
The net gain is negative preceding and following the pulse. At
the pulse peak, the gain is positive due to the bleaching of the
saturable absorber. Another interesting feature emerges—a hy-
perbolic secant has exponential tails. Such tails are mandatory
in passive mode-locking; the system behaves linearly in the tails
since the intensity is small. The second order differential equa-
tion dictates exponential solutions for any bounded pulse.
The solution (16) is not stable unless gain saturation is explic-

itly included. This gain saturation can be cumulative, so that one
may still make the assumption that the gain is approximately
constant during the passage of one pulse. The solution is also
stabilized if the full saturation behavior (13) is heeded, but then
no closed form solutions have been found.

IV. MODE-LOCKING WITH A SLOW SATURABLE ABSORBER

The theory of the fast saturable absorber [16] was worked out
by the author in preparation for the analysis of the dye laser. The
model for the slow saturable absorber has to take into account
the change of gain in the passage of one pulse [17], [53]. The
relaxation equation of the gain, in the limit of a pulse short com-
pared with its relaxation time, can be approximated by

(20)
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Pulse duration 

! Solution 

Pulse duration 
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!! Taken from a classic paper: 

 
!! Injection at #3 will yield three mode operation (with equidistant frequencies) 

9/9/14 Jerome Faist 24 

Three mode laser 
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Mode-locking as a injection locking  
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Mode-locking as a injection locking  
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Mode-locking as a injection locking  
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Mode-locking as a injection locking  
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Four wave mixing in QCLs 

Tuesday, September 9, 14 29 
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Four wave mixing in QCLs 
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Four wave mixing in QCLs 

Tuesday, September 9, 14 31 
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!! Measure directly the four wave mixing product 

 
!! Need to prevent lasing to have a quantitative 

measurement 
!! Use double anti-reflection coated devices 
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Four wave mixing in QCLs 

!1
!2

!1
!2

Rosencher, E. et al. Science 271, 168 –173 (1996). 
Walrod, D. et al., APL, 59 (23), p. 2932, 1991.  

P. Friedli, et al., ,” Appl Phys Lett, vol. 102, no. 22, p. 222104, 2013. 
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!! Mix a DFB QCL with a source operating by DFG (widely 
tunable) 
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Experimental setup   
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P. Friedli, H. Sigg 

P. Friedli, et al., ,” Appl Phys Lett, vol. 102, 
no. 22, p. 222104, 2013. 

Four-wave mixing in a quantum cascade laser amplifier

Peter Friedli,1,a) Hans Sigg,1,a) Borislav Hinkov,2 Andreas Hugi,2 Sabine Riedi,2

Mattias Beck,2 and J!erôme Faist2,a)

1Laboratory for Micro- and Nanotechnology, Paul Scherrer Institute, CH-5232 Villigen, Switzerland
2Institute for Quantum Electronics, ETH Zurich, CH-8093 Zurich, Switzerland

(Received 29 March 2013; accepted 6 May 2013; published online 4 June 2013)

We present the direct observation of four-wave mixing over a detuning range of more than 3 THz
in an InGaAs/AlInAs strain-compensated quantum cascade laser (QCL) amplifier emitting at
4.3 lm by simultaneous injection of a single mode QCL and a broadly tunable source. From its
intensity, we determine a vð3Þ of 0.9# 10$15 m2 V$2, in good agreement with transport model
simulations based on the density matrix approach. This four-wave-mixing mechanism is an
important driving factor in mode proliferation occurring in connection with the recent
demonstration of comb generation in broadband QCLs. VC 2013 AIP Publishing LLC.
[http://dx.doi.org/10.1063/1.4807662]

Intersubband transitions in quantum wells are attractive
building blocks for devices such as quantum well detectors,1

lasers,2 and artificial nonlinear materials3 because of the
large value of their dipole matrix element, combined with
the tailorability of the system. Recently, a quantum cascade
laser (QCL) frequency comb was demonstrated,4 offering
the potential for broadband multiheterodyne spectroscopy5

in the mid-infrared spectral region. Similar as in microreso-
nators,6 the mode proliferation needed for the comb genera-
tion was ascribed to a four-wave-mixing (FWM) process
occurring between adjacent longitudinal cavity modes. This
FWM mechanism is an important driving factor in mode
proliferation in broadband QCLs as well as opening up fur-
ther opportunities for ultra-fast wavelength conversion
applications.

Large values of the nonlinear coefficient, surpassing the
bulk value by many orders of magnitude,7 were measured in
intersubband systems. In particular, resonant third-order non-
linearity was responsible for enhanced third harmonic gener-
ation8 and FWM experiments9 in doped quantum well
systems. In a QCL, an equally large value of v(3) is expected
to arise from both virtual transitions and real population
inversion modulation. The latter effect, corresponding to a
time-dependent spatial hole burning, is very efficient in
QCLs because, in contrast to interband semiconductor lasers,
transport as well as intersubband scattering is much faster
than the in-plane carrier diffusion time.10

Early FWM experiments performed in interband lasers
also ascribed the nonlinearity to the presence of a moving
gain grating created by spatial hole burning11 and, therefore,
the FWM signal was strongly attenuated when the detuning
between pump and signal waves increased beyond a few
Gigahertz. In contrast, the bandwidth of the FWM in QCLs
is expected to be much wider because of the much shorter
timescales involved.

The investigated mid-infrared QCL amplifier was grown
in the strain-balanced In0.725Ga0.275As/In0.276Al0.724As sys-
tem by molecular beam epitaxy with a sheet carrier density

of 1.5# 1011 cm$2 on an n-doped InP wafer. It emits at
4.3 lm. A standard buried-heterostructure process was used
to define waveguides with widths of approximately 7 lm.
The details of the active region are published elsewhere.12

Prior to measurement, both facets of the device were pro-
vided with an anti-reflection (AR) coating with a single layer
of Al2O3. As shown schematically in Fig. 1(a), the pump
source operating at x1 is a tunable laser source with 100 ps
pulse length, based on optical parametric amplification with
difference frequency generation (DFG), as described in
Ref. 13, while the probe laser at x2 ¼ x1 þ dx is a narrow-
linewidth distributed feedback (DFB) QCL.14 The DFB QCL
contains a first-order grating in the top waveguide confine-
ment layer to allow for single-mode emission. Both sources
are coupled into the QCL amplifier using Ge lenses with
a high numerical aperture. The output light of the QCL

FIG. 1. (a) Experimental setup, which couples the 100 ps long DFG pump
pulse and '30 ns long DFB-QCL probe pulse to the AR-QCL. A grating
spectrometer is used to disperse the output signal, which is measured by an
800 MHz bandwidth MCT detector. (b) A typically measured output spec-
trum is shown in blue color. The green lines mark the maximum performed
frequency tuning range. The ISB gain of the AR-QCL at the used current
density measured using synchrotron IR micro-spectroscopy is given in red
color.

a)Electronic addresses: pfriedli@gmail.com, hans.sigg@psi.ch, and jerome.
faist@phys.ethz.ch

0003-6951/2013/102(22)/222104/4/$30.00 VC 2013 AIP Publishing LLC102, 222104-1

APPLIED PHYSICS LETTERS 102, 222104 (2013)
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!! Quantitative agreement with the model 
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Result: four wave mixing product 

Departement of Physics /Institute for Quantum Electronics /Quantum for Quantum Electronics /Quantum for Optoelectronics Group 

!(3) = (0.9 ± 0.2)!10"15 m2V"2 

P. Friedli, H. Sigg 

P. Friedli, et al., ,” Appl Phys Lett, vol. 102, no. 22, p. 222104, 2013. 
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§  The beating of ω1 and ω2 in the active does modulate the 
population inversion in time (and space) 

§  The resulting modulation in (complex) refractive index 
creates the additional sidebands 

§  In contrast to normal semiconductor lasers 
§  It is fast (<1ps) 
§  Therefore broadband! 
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Interpretation 
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Broadband multimode lasers 
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!! Measure the (high resolution) spectrum 

 
!! Does not tell anything about the correlations!! 
!! The measurement of g(1) does not yield the phases either 

9/9/14 Jerome Faist 37 

Is it a comb? 

$& =  0.0026cm-1 (80MHz) 
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!! Beat note measurement of the photocurrent (at 7.5GHz) 
!! For modes of amplitude Ek, the photocurrent at $#'

9/9/14 Jerome Faist 38 

Is it a comb? 

For modes of amplitude 
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!! Use an intersubband Quantum Well Infrared 
Photoconductor (QWIP) detector 

9/9/14 Jerome Faist 39 

Fast detector 

Detector: H.C. Liu  
Ref: H. Schneider and H.C. Liu, Springer book 
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!! The very narrow width confirms the correlations between modes 
!! Uncorrelated lines could not be narrower than Schawlow-Townes (100’s 

Hz) 
!! However the signal is only about 2% of the c.w. photocurrent 

9/9/14 Jerome Faist 40 

Beatnote spectrum 
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!! Photocurrent is a “classical way” of measuring noise 

!! Combines the relative phases of the modes 

9/9/14 Jerome Faist 41 

“Time jitter” measurement 

However, the quantitative analysis 
assumes a mode-locked output with 
single pulses 
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Compared to the linewidth of a single line 
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What about the phases? 
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Effect of random phases.. 



| | Departement of Physics /Institute for Quantum Electronics /Quantum Optoelectronics Group 

Optical frequency comb 

45 
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!! Optical discriminator: frequency dependent absorption 
!! FM -> AM conversion 

9/9/14 Jerome Faist 46 

Frequency to amplitude conversion 
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Optical discriminator - FM nature mode locking! 

Sheet of polyethylene acts as an 
optical discriminator 

A. Hugi, et al., Nature, vol. 492, 229–233 (2012) 
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§  QCLs are “type A” lasers 
§  The medium follows the optical field dynamics 

§  Similar to gas lasers such as HeNe (red alignment laser) 

9/9/14 Jerome Faist 48 

Is it a surprise? 

Volume 5, Number 10 APPLIED PHYSICS LETTERS 15 November 1964 

At room temperature a 1.3% Nd: Y AG crystal had 
a pulsed threshold of 1.0 J and cw thresholds of 
730 W with the tungsten lamp and 1300 W with the 
Hg lamp. For double-doped crystals with 1% Cr3+ 
and 1.3% Nd3+ the 3000 K thresholds were 2.1 J 
pulsed and more than 800 W for tungsten excita-
tion, but only 750 W for Hg excitation. The 77°K 
cw thresholds for the doubly doped crystal were 
440 W using tungsten and 180 W using Hg.6 

The effectiveness of the cross-pumping is indi-
cated by the ratio of Hg-excited cw threshold to 
tungsten-excited cw threshold for the two systems. 
This ratio increases by more than a factor of four 
in going from the Nd3+:YAG where the strongest 
absorption is in the ir (Fig. 2a) to the Nd3+:Cr3+:YAG 
where the Hg lamp pumps strongly in the Cr3+ 
bands (Fig. 2b). In absolute terms the cross-pumping 
resulted in a reduction from 1300 to 750 W in the 
Hg-excited cw threshold despite increases in the 
pulsed and tungsten-excited cw thresholds, neither 
of which should be strongly influenced by the 
double doping. These higher thresholds are 
thought to be caused by less than ideal crystal. 
quality of these early doubly doped crystals. Thus 
corrected for the factor of two pulsed threshold 
difference, the Hg-excited threshold decreased by 
a factor of 3.6, in good agreement with the pre-
dicted factor of four. 

In conclusion, a cross-pumped laser in a doubly 
doped system, Nd3+:Cr3+:YAG, has been demon-

strated. With the attainment of equal crystal quali-
ties for the singly and doubly doped Nd3+:YAG 
systems the cross-pumping should increase the 
overall efficiency by at least a factor of two. Since 
the improvement should be even greater for broad-
band high-temperature exciting sources, this laser 
system is an extremely attractive one for sun-
pumping. 

We acknowledge the contributions of H. R. Lewis 
in various phases of this work. Chips of single 
crystals of the Cr-Nd YAG grown by the Verneuil 
method were supplied by L. Merker and D. Beals 
of National Lead Company. Laser crystals of the 
pure Nd-, and Cr-Nd-doped YAG systems were ob-
tained from the Linde Company. The assistance of 
P. Accardi and W. A. Hickman with the experi-
ments is appreciated. 

1 The research here was sponsored by the Electronic 
Technology Division, Air Force Avionics Laboratory, Research 
and Technology Division, Air Force Systems Command, Wright-
Patterson Air Force Base, Ohio under Contract No. AF33 
(615)-1096 and RCA Laboratories, Princeton, New Jersey. 
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4]. Murphy, R. C. Ohlmann, and R. Mazelsky, Phys. Rev. 
Letters 135 (1964). 

'R. C. Duncan and Z. J. Kiss, Appl. Phys. Letters 3, 23 (1963). 
.6This low cw threshold was obtained by reducing the effective 

pumping aperture by a factor of four and dividing the observed 
threshold by the same factor. 

FM OSCILLATION OF THE He-Ne LASERl 

(internal phase perturbation; interferometry; KDP crystal; E) 

We report the operation of a He-Ne laser in a 
manner such that all of the laser modes oscillate with 
FM phases and nearly Bessel function amplitudes, 
thereby comprising the sidebands of a frequency-
modulated signal. The resulting laser oscillation 
frequency is, in effect. swept over the entire Doppler 
line-width at a sweep frequency which is approxi-
mately that of the axial mode spacing. This type of 
FM oscillation is induced by an intra-cavity phase 
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perturbation which is driven at a frequency which 
is approximately but not exactly the axial mode 
spacing. Experimental evidence supporting the 
hypothesis of an essentially pure FM oscillation is 
as follows: 

1. The suppression of all observable laser "beat 
notes" by at least 25 dB, as compared to their value 
in the absence of the phase perturbation. A 5% 
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Modal decomposition approach 

J. B. Khurgin, et al Appl Phys Lett, vol. 104, no. 8, p. 081118, Feb. 2014. 
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Modal decomposition approach 

J. B. Khurgin, et al Appl Phys Lett, vol. 104, no. 8, p. 081118, Feb. 2014. 
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Modal decomposition approach 

J. B. Khurgin, et al Appl Phys Lett, vol. 104, no. 8, p. 081118, Feb. 2014. 
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§  Modal expansion formalism 

Time dependence of the mode amplitude An 

Gain  Cavity Dispersion Four wave mixing driven by 
population pulsation: 
-  Spatial hole burning 
-  Self Gain Saturation 
-  Cross-gain saturation 
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§  Overlap between modes 

§  Width of the gain curve (and FWM process) 

§  Population population beating 

FWM terms are resonant! 
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Simulation results 

!

t21 ~ 1ns  
t21(absorber)=1.0 ps, tcoh(absorber)=0.1ps  

with saturable absorber 

Typical diode laser  
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Simulation results 

!

t21 ~ 1ns  
t21(absorber)=1.0 ps, tcoh(absorber)=0.1ps  

with saturable absorber 

Typical QCL without 
dispersion 

t21~1ps, no saturable absorber  

Typical diode laser  
Self-FM modulation in QCLs 

J. B. Khurgin, et al Appl Phys Lett, vol. 104, no. 8, p. 081118, Feb. 2014. 
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!! Mix two combs optically: benchmark one comb with another one 

!! Used also for spectroscopy (see G. Villares’ talk) 

9/9/14 Jerome Faist 56 

Use a dual comb technique 

A. Schlatter, et al, Appl. Phys. B, vol. 88, pp. 385–391, ( 2007) 

S. Schiller, “Spectrometry with frequency combs,” Opt Lett, vol. 27, no. 9, pp. 766–768, 2002. 
Keilmann, F., et al. Time-domain mid-infrared frequency-comb spectrometer. Opt. Lett. 29, 1542–1544 (2004) 

! Used also for spectroscopy (see G. Villares’ talk) 

Comb 1 
Comb 2 
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Setup: mid-IR dual comb spectroscopy 

Characteristics 
•! Compact setup (65cm x 65cm x 25cm) 
•! No cryogenic cooling needed 

6 mm long 

Setup: spectroscopyspectroscopy
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Free running heterodyne beat measurements 

0 100 200 300 400 500 600 700 800 900 1000
120

130

140

150

160

170

Vo
lta

ge
 (d

Bu
V)

Heterodyne Beat amplitude spectrum

Frequency (MHz)

Important numbers: 
•  Lines = 100; 
•  Spectral coverage = 25 cm-1 
•  frep = 7.5 GHz 
•  Δfrep = 10 MHz 
•  Sampling = 0.25 cm-1 

G. Villares et al., Nat. Comm (in press) 
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Free running heterodyne beat measurements 
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Comb tooth linewidth (free running) 
•! FWHM = 100 kHz 

G. Villares et al., Nat. Comm (in press) 

Limited by the relative drift of the combs 
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!! Measuring frequency differences removes the CEO fluctuations 
!! The equidistance in the RF domain mirrors the one in the optical domain 

9/9/14 Jerome Faist 60 

Comb equidistance measurement 

Departement of Physics /Institute for Quantum Electronics /Quantum for Quantum Electronics /Quantum for Optoelectronics Group 
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Stabilization and comb equidistance 
measurement 

G. Villares et al., Nat. Comm (in press) 
 P. Del'haye et al,  Nature, vol. 450, pp. 1214–1217, 2007 
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Equidistance between peaks 

G. Villares et al., Nat. Comm (in press) 



| | Departement of Physics /Institute for Quantum Electronics /Quantum Optoelectronics Group 

!! The round trip frequency is 7.5GHz 
!! The individual comb is equidistant to a level of 5x10-13 

Results: mHz level accuracy 

G. Villares et al., Nat. Comm (in press) 
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§  What is the ultimate linewidth of a comb? 
§  For c.w. lasers, we have the Schawlow-Townes limit: 

 
§  Very narrow, because 

§  QCLs are powerful (10-100mW c.w.) 
§  Operate at long wavelength (5-10µm) 
§  Build with low loss cavities (~6mm cavity) 

§  However, for QCL this linewidth (~100Hz) is usually much 
narrower than the one due to technical noise (100kHz) 

9/9/14 Jerome Faist 64 

Noise limits of combs 
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!! Measure the frequency 
noise power spectral 
density (PSD) 
!! Is the amount of frequency 

noise at each frequency 
!! Technical noise decreases 

with f (1/f)n 

!! Schawlow-Townes is flat 

9/9/14 Jerome Faist 65 

Use again an optical discriminator 

PSD 

Log(f) 

1/f 

cst 
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§  A great feature is the self-referencing 
§  It needs an octave-spanning comb  

§  or at least 2/3 of an octave 

9/9/14 Jerome Faist 66 

How broad can we make combs? 
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An octave-spanning semiconductor laser 
1f 2f 

C.w. operation 
25K 
Milliwatts output 

M. Roesch, G. Scalari et al., ArXiv (2014) 

->M. Rösch’s talk 
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§  Shown that QCL can operate as FM combs 
§  Hard experimental proofs: 

§  Beatnote and beatnote spetroscopy 
§  Equidistance measurement 
§  Quantum noise limit 

§  A numerical model agrees with the experiment 
§  Nice to have a theory that could quantify the locking 

criteria 

Outlook   
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